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The temperature field of an infinite hollow cylinder is examined for 

various boundary conditions at  the inner surface and a boundary condi- 

tion of the fourth kind at the outer surface. 

We cons ider  the p rob lem of nonsteady heat  con-  
duction for  the cage of an infinite hollow cyl inder  
in t roduced into an unbounded medium. The t r a n s f e r  of 
heat  between the cyl inder  and the medium obeys the 
F o u r i e r  law (boundary condition of the four th  kind). 
The same  problem was solved for  a solid cyl inder  in 
[1]. In the case  of a hollow cyl inder ,  it is des i rab le  
to cons ider  var ious  boundary conditions at the inner  
surface .  

The p rob lem is fo rmula ted  as follows: 

( 0 ~ Oi_ 1 O 0 i ) 001 - -a l  + 0 r  , , > 0 ;  r o < r < q ,  (1) 
O~ \ OP r 

0 0~ ( O~ O~ 1 O 0~ ] 
--a~ + - - - - -  , ~ 0 ;  q ~ r ~ ,  (2) 

O~ \ Or ~ r Or ] 
01 (r, O) = Oz (r, O) = O, (3) 

0~(~, "0 = 0, (4) 

0~(q, ~)=0~(, .  ~), (5) 
~ O 0~ ( r .  ~) _ )~ 0 0~ (q, ~) (6) 

Or Or 

At the inner surface of the cylinder it is best to 

consider the general case of a boundary condition of 
the third kind from which other boundary conditions 
can be obtained: 

A O01(r~ ~) +B0~(ro, z ) = A  - q  + B 0 r  (7) 
Or )~, 

Prob lem (1)-(7) is solved by means  of a Laplace 
t r a n s f o r m  with r e spec t  to the var iab le  r. In t e r m s  of 
t r a n s f o r m s ,  the solutions a re  wri t ten as 

T~= ( A-q~s + B ~ - )  x 

Here  

r l  = a-7-' a~ 

V~(P,Q) = R,(Plro)ll(Plrl)--Ro(Dro)&(rlq), (10) 

Vo(Plr0 = ~o(nro)Ko(r,q) ~- R,(r, ro) to (r, q), (11) 

eo ( r l  ro) = A D 11 (r ,  ro) + B Io (rl to), (12) 

R, (rl r0) = A P1K~ (D r0) - -  B K0 (F~ ro). (13) 

We use  the Laplace  invers ion  fo rmula  and go over  
f r o m t h e  in tegra l  in the  domain of the complex var iab le  
to the in tegra l  of the rea l  var iable .  To de te rmine  the 
res idues  at the point s = 0, we use  the asympto t ic  
expansion fo rmulas  for  modif ied Bessel  functions.  

The genera l  f o r m  of the solution is wri t ten as 

8k~( A q--~- + B Or ) r 2 
O1 = Pl - -  Xl x 

j~3 aorl 2 

o 

x exp ( F=alT ) 
r~ 2 dl*  • 

(14) 

X 

Here  

(q ) 4k, A ~  + B 0 c  ro 
0, = p~ - -  X 

~2 rl 

i ( r )  �9 p, ao-77o exp - - ~ a x  r---~ d 

~' [r (~) + ~ (~)1 
(15) 

• } K0(rl q)/q(r~rl)-- k~K0(V~q) K~(F~ rl) 
L kTKo r-E;7 +LT 7) /o(nr)-- 

k~K~ + I~ K (Fxr)], (8) 
~ ( r ~ q )  + & (r~ rl) Vo (r~ n) o 

r 

Bx ~--~o =J~ P'7o Y'(F)--Y" P--~o J ' ( F ) ' ( 1 7 )  

T* = - -  ( A ~ qX~ s + B 0c ) k , •  

• Kl(rlq)l~ +KdFlq ) l l ( r l rO  Ko(r~r). (9) 
k,Ko(r~ q)vl(r,  rl) + g l ( r ,  r0Vdr, r0 

- s .  ,ao r.rl // BSoo(,)+A ro Rio (,) ]. (18) 
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~(it)=k~Yo(~ao r~ ] [BBol(it) § A it--- Bn(it) J - 
\ ro / ro 

- -  r~ it ao ~ BBoo (it) § B,o (it) , ro 
(19) 

= k~Mo it ao r--~ r o 

--M~ i~ao BBoo (it) -f- A it B~ o (it) , 
Yo 

(20) 

(r,) ( (it) = :o  (it) it , = o  - ( it):0 it 

Bo~(it)= Jo(it) Y~ ( it +o ) -- Yo(it)J~( it-~o ), 

(21) 

(22) 

Bxo (i t) = J~ (it) Yo it - -  Yx (it) Jo it , (23) 

Bn(~)=J~(it)Y1 it~ --Y~(it) Yl it , (24) 

Mo( itao--r~o ) = a o (  itao-~o ) Yo(  itao-~-o ) - 

( #) - -  Yo ~ ao Jo ~ ao , (25) 

( r )  r) ( r) 
M1 I~ao-~o =Jl(  Yo itao--~o ~ -- 

r ' ) ' 0 ( ~ a o  ; 0 )  - -Y~(  ~ao ro r (26) 

As B ~ ~o, we obtain the boundary condition of the 
f i r s t  kind, 

01(ro, ~) = 0r (27) 

In this case  Pl = P2 = 0c; in Eqs. (14)-(20), it is nec -  
e s s a r y  to set  A = 0; B = 1. 

As A ~ ~o, we obtain the boundary condition of the 
second kind 

O01(ro, ~) _ q 
Or ~ 

(28) 

In this case,  

qro 
Pl  ~,~ d-E~2 x 

x i  kaVr~ ( ln  2vra-~-q 21 C)+~#~- ln-~- -1  ] ,  (29) 

qk~aoro (1 n 21/a~'~ 1 C ) ( 3 0 )  
P~ -- ~,1 " r 2 ' 

C = 0.577216 is the Euler constant. In Eqs. (14)--(20), 
we must now set A = I; B =0. For the usual boundary 
condition of the third kind, q = 0; A = kl; B = a, 
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0 0~ (to, ~) 
- [0~ - -  01 (r0, ~)]. ( 31 )  

Or ~1 

In this case ,  pl = P2 = Oc. 
ff the the rmophys ica l  p roper t i e s  of the hollow cyl-  

inder  and the medium are  the same  ke = a0 = 1. Then 
the equations for  01 and O 2 degenera te  into a single 
equation for  a homogeneous  hollow cyl inder  of infinite 
radius .  In this case ,  the solutions a re  wri t ten  as 
fol lows:  

fo r  the boundary condition of the f i r s t  kind (27), 

0r - -  01 2 

0 c  

ro ! 
, it [Jo 2 (ix) + Y02 (it)l 
0 

, ( 32 )  

for the boundary condition of the second kind (28), 

I ' 01= - 7 - -  In - - - C - -  
2 

,J it= [j12 (it) + y~ (p,)]  , (33) 
0 

for the boundary condition of the third kind (31), 

0r - -  01 2Bi - -  • 

0c 

BIB o it "+ itB1 it exp (--it a~/r~)d it 
• v �9 (34)  

The improper integrals in the solutions obtained 

converge rapidly, thanks to the presence of an expo- 

nential factor. 

The required temperature profiles can be obtained 

on a computer by calculating the temperatures of the 
hollow cylinder and the external medium from Eqs. 
(14) and (15). The solutions obtained can also be used 

to calculate the temperature stresses in a hollow cyl- 

inder in perfect thermal contact with the medium at 

the outer surface. 

NOTATION 

tl, t2, and t o are the temperatures of the cylinder 
and external medium and the initial temperature, 

respectively; tc is the temperature at the inner sur- 
face of the cylinder for a boundary condition of the 
first kind, or the temperature of the medium inside 
the cylinder for a boundary condition of the third kind; 

01 =t I- to; 02 =t2- to; 0e =tc-t0; al and a 2 are 
the thermal diffusivities of the cylinder and external 
medium, respectively; k I and k 2 are the thermal con- 
ductivities of the cylinder and the external medium, 

respectively; r0 and rl are the inside and outside radii 
of the cylinder, respectively; 7 is the time; q is the 
heat flux at the inner surface of the cylinder; a is the 
coefficient of heat transfe~ to the inner surface of the 
cylinder for a boundary condition of the third kind; 

s is the Laplace transform parameter; T 1 and T 2 



are,  respec t ive ly ,  the inve r se  Laplace  t r a n s f o r m s  
of the functions 6i and 62; ke = ( k i / ) ~ 2 ) ( a 2 / a i ) l / 2 ;  a o  = 

= ( a J a 2 ) l / z ;  I o, K o, I l, K~ a re  modif ied Bessel  functions 
of the f i r s t  and second kinds and of zero  and f i r s t  
o rder ,  respec t ive ly ;  Bi = ~ro/k 1 is the Blot number ;  
r l  = (s/al) l /2;  r2 = ( s / a 2 ) l / 2 ;  P = Fifo/i;  Jo, Yo, J1, Y1 
a re  Besse l  functions of the f i r s t  and second kind of 
zero  and f i r s t  o rde r ,  r espec t ive ly .  
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